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Day 5: Tuesday, 1/31/2017
Return chapter 2 hw; Comment: both assignments really look great. It is refreshing to see every
student in class adhering to the homework guidelines from the very first assignment.
Take questions on homework. Collect ch 2 quiz problems + regular hw on chapter 3.
New Topic: Chapter 4: Induction
1. Overview
a. This is a proof structure for proving a statement of the form ( n ∊
b. First show directly that P(1) is true.
c. Then prove this: ( n ∊ )(P(n) → P(n+1) ).
d. The combination of both steps proves ( n ∊ )(P(n))

)(P(n))

2. Example: Show using the product rule that ∀ ∈
.
a. Note that P(n) is the open sentence
1 . In other words, P(1) is the statement
b. Setting n = 1 produces the statement
x’ = 1. We know this is true from calculus. Thus P(1) is true.
c. Now we want to prove: If P(n) is true, then P(n – 1) is true.
d. In words: If the power rule holds with exponent n then it also holds with exponent n+1.
e. We prove this via a direct proof: Assume the power rule holds with exponent n. That is,
. Then we can differentiate xn+1 using the product rule, as
we assume that
follows:
∙
∙
∙
.
In the first term, we know x’ = 1. For the second, by our starting assumption we know
. Substituting those two results into the prior equation, we obtain
that
1∙
∙
1
.
But this is the power rule with an exponent of n+1, which is what we wished to show.
Thus we have proved P(n) implies P(n+1).
f. These two steps complete the induction proof, and so show that the product rule holds for
all n in .
3. Rationale for induction proofs
a. What is the truth set for the open sentence (P(n))?
b. This is a subset of .
c. It contains 1 so it is not an empty set.
d. For each element n in the truth set, n+1 is also in the truth set.
e. This shows that the truth set must actually equal .
f. The book defines an inductive set to be a subset of that is closed under adding 1. That
is, if n is in the set so is n + 1. It is intuitively clear that once you know a particular
element k is in an inductive set, so is every integer that comes after k. Our proof by
induction showed that the truth set of P(n) is an inductive set, and contains 1. But that
means it contains every element following 1, and so is actually .
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4. Principle of Mathem
matical Ind
duction
a. as statted in text:

b. Restatted: For a subset T of
o , if
1. 1 ∊ T
2. ( n∊ )(n ∊ T → n+1 ∊ T))
then T = .
p
the principle off mathemattical induction?
5. Can we prove
a. This iss subtle. In
n order to prove
p
it wee need a m
mathematical definitioon of what we mean
by . That turnss out to inv
volve somee (usually)) unspokenn assumptioons.
b. In som
me develop
pments, thee principle of inductioon is takenn as an expplicit assum
mption abou
ut
the naatural numb
bers.
c. An altternative iss to make this
t assump
ption: Everry subset oof has a ffirst elemeent. (As
opposed say to the reals: the
t intervall (0,1) does not have a first elem
ment.)
d. With the
t first eleement assu
umption, we
w can provve the princciple of maath inductiion as
follow
ws: We argu
ue by conttradiction. Suppose thhat T is a sset with prooperties 1 aand 2, but
that T is not equal to . Th
hen there are
a elemennts of thaat are not inn T, and w
we define S
s
elemeents. Then S is a subsset of , soo it has a ffirst elemennt z. In
to the set of all such
ular, z is no
ot an element of T. This
T showss that z is nnot equal too 1 (whichh we know
particu
IS an element
e
off T). Thereefore z > 1, and conseequently, z – 1 ∊ . But since z is the firsst
element of S, z – 1 is NOT
T an elemen
nt of S. Thhat means z – 1 IS ann element oof T. But
b property
y 2, (z – 1) + 1 is also
o an elemennt of T. Thhat is, z is iin T. This contradictts
then by
our eaarlier concllusion that z is not an
n element oof T. Thus we have rreached a
contraadiction, co
ompleting the
t proof.
i
proofs
p
are associatedd with integger identitiies, such ass
6. Many exaamples of induction
1+2+  + n = n(n+1
1)/2. But there
t
are many
m
other kinds of proofs that do not involve simplle
manipulaation of equ
uations. Leet’s look at
a a few exaamples.
a. The determinan
d
nt of an n
 n upper trriangular m
matrix is thhe product of the diaggonal
entriees. Here we
w use the concept
c
off an expanssion by minnors. This induction step is to
relatee a matrix of
o size n to
o one of sizze n+1.
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For n = 1 we are considering the determinant of a 11. That has just one entry, which is
by definition both the lone diagonal entry and the determinant. So the result trivially
holds for n = 1. For n = 2 we can verify the result directly. The matrix must have the
form

, and the determinant is defined to be ad – 0b= ad. This is the product of
0
the diagonal entries, so the result again holds.

Now assume the result holds for any upper diagonal matrix of size n and consider the
⋯
0
⋯
0
0
⋯
. Expanding by
following matrix of size n + 1: ⋮
⋮
⋮
⋱
⋮
⋮
0
0
0 ⋯
0
0
0 ⋯ 0
minors in the first column, we get a11 times the determinant of the submatrix that remains
after we cross out the first row and column. But that is an n n upper triangular matrix,
and so by our induction assumption, its determinant is the product a22 a33  an+1 n+1. This
shows that the determinant of the matrix shown above is a11a22 a33  an+1 n+1, which is
the product of the diagonal entries. This shows that the result holds for an upper
triangular matrix of size n+1, and completes the proof.
b. A set of n elements has 2n subsets. Induction step: If A = {x1, x2, x3,  , xn, xn+1} we
partition subsets into two types: those that contain xn+1 and those that do not. Note that
no set can be in both types, and every subset is one type or the other. By the induction
hypothesis there are 2n subsets of the first type. And there is a one-to-one
correspondence between the two types. B is a subset of the first type if and only if
B  {xn+1} is a subset of the second. Different B’s produce different B  {xn+1}’s, and
every set of the second type is of the form B  {xn+1} for some B of the first type. This
shows that there are 2n subsets of the second type. Therefore, the total number of
subsets is 2n+2n = 2 2n = 2n+1 .
c. For any natural number n, the product of n continuous functions is continuous. The
proof of this uses the fact that the product of 2 continuous functions is continuous. For
the induction step, we consider n + 1 continuous functions, denoted by f1, f2, f3,  , fn,
fn+1. Let g(x) = f1(x)  f2(x)  f3(x)    fn (x). By the induction hypothesis, we know g is
continuous. By the rule for a product of 2 continuous functions we also know that
g(x)  fn+1(x) is continuous. Therefore f1(x)  f2(x)  f3(x)    fn (x)  fn+1 (x) is continuous.
7. Patterns peter out! This was discussed on day 1 with the example of cutting a pizza. See
exercise 4.1.20. Induction proofs are an important in tool in verifying that a particular
pattern does NOT peter out.
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Section 4.2: Other forms of induction
1. Extended Principle of induction
a. We don’t always have to start with n = 1 as the starting point for induction (sometimes
referred to as the base case. If we show P(n) → P(n+1), and that (say) P(11) is true,
then that shows P(n) is true for all n ≱ 11. Similarly, if we can show that P(-6) is true,
then we can conclude P(n) is true for all n ≱ -6.
b. This is referred to in the text as the Extended Principle of Math Induction.
c. Example from text: for n  4, n! > 2n.
i. Direct calculation shows 4! > 24 because 4! = 24 and 24 = 16
ii. For induction step, assume that n  4 and n! > 2n. Then
(1)
(n+1)! = (n+1)n! > (n+1)2n .
n
n
n+1
From n  4 we see that n+1 > 2. Therefore (n+1)2 > 22 = 2 . Combined with
inequality (1), this shows that (n+1)! > 2n+1 . Thus the proposition holds for n + 1.
This completes the induction step, and the proof.
2. Second Principle of Induction
a. This is also sometimes called complete induction.
b. For the induction step, we do not just assume that P(n) holds for one particular n. Rather,
we assume P(k) holds for every k from the base case up to and including n, and show that
P(n+1) also holds.
c. Example: Every natural number greater than 1 is either a prime or a product of primes.
i. For this theorem we let P(n) be “n is either a prime or a product of primes.”
ii. P(2) is certainly true, because 2 is prime.
iii. For the induction step, suppose that P(k) is true for 2  k  n. We now verify P(n+1).
To proceed, we wish to show that n+1 is prime, or is a product of primes. Clearly,
either n + 1 is prime or it isn’t. If it is prime, there is nothing to show. So suppose
n + 1 is not prime. That means there must be factors u and v greater than 1 such that
n + 1 = uv. Now since each factor is greater than 1, we observe that each factor must
also be less than n + 1. Thus, u and v are each between 2 and n, inclusive. Therefore,
but the induction hypothesis, each is either prime, or is a product of primes. So when
we multiply them, n + 1 = uv is definitely a product of primes. Thus we have shown
that either n + 1 is itself prime, or is a product of primes. This completes the
induction and the proof.
End of Day
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