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hat makes a theorem great? There are many fac-
Wtors that contribute: generality, utility, power, sym-
metry. But for me, a great theorem is one that sur-
prises. If you have ever read the statement of a theorem that
made you exclaim “No Way!” then you know what I mean.
This article is about my candidate for the Most Marvelous
Theorem in Mathematics. It is simple to understand, answers
a natural question, and involves familiar mathematical con-
cepts, like derivatives and polynomials. And if it doesn’t sur-
prise you, and here I mean slap-yourself-in-the-forehead and
swallow-your-gum level surprise, you are way more insightful
than I am. It does require a little bit of background knowledge,
though, mainly about complex numbers and ellipses, so before
stating this marvelous theorem, let me give a quick review of
those topics.

Complex Numbers

The complex numbers are formed by combining the square
root of negative 1, customarily denoted i, with the reals. Every
complex number can be written in the form a + bi with a and
b real numbers. Addition, subtraction, and multiplication are
performed by treating i as if it were a variable, except that
every appearance of > is replaced by —1. For example,
(3+2i)(3-5i) is computed in the same way as (3+2x)(3-5x).
(Repeat after me: firsts, outers, inners, lasts.) That gives us 9
—15i + 6i — 10:2. But we know that i> equals —1, so the answer
simplifies to 19— 9i. Division of complex numbers is also pos-
sible, but won’t be needed in this discussion.

Although we treat i like a variable in some ways, you
should think of the complex numbers as a number system
made up of constant numbers, sort of like the real numbers. So
3+4i is a specific number, just the way 5/11, m, and\/g are.
However, whereas the real numbers are visualized as points
on a line, complex numbers are visualized as points in a plane.
For example, we think of 3+44 as sitting at the point (3,4) in the
complex plane. In this way, sets of complex numbers are asso-
ciated with figures in the plane, just as sets of real numbers are
associated with subsets of the real line. To carry this idea a lit-
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tle further, any two real numbers determine an interval on the
real line, while any three complex numbers determine a trian-
gle in the complex plane.

Complex numbers can be used as constants to define func-
tions. Here is a simple example: f(z) = 2 + (3+2i)z +(5 — 4i).
This is a quadratic polynomial, and the coefficients are com-
plex (rather than real) constants. The letter z is a traditional
choice for a complex variable, and it makes perfect sense to
substitute a complex number for z in our function. Say we take
z=1+i. Then substitution leads to f(1+i) = (1+i)> + (3+2i)(1+i)
+(5+4i). With a little work, you can simplify this back to the
final a + bi form, arriving at 6+11i. In summary, f(1+i) =6+11i.
This illustrates the operation of a complex function: we put in
a complex number (1+i) for the variable, and we get out a
complex number (6+11:) for the value of f(z). Note that we can
consider for complex functions many of the same questions
that arise with real functions. We might ask for the roots of
f(z)—meaning complex values of z that make f(z) come out to
0. Or we might compute the derivative of f(z), as f’(z) =
27+(3+2i). In the theorem to be presented, functions of this
sort play a prominent role.

Figure 1. Cutting a Cone at an Angle.

Ellipses

In what is seemingly a completely unrelated direction, we
must also review ellipses. Conceptually, an ellipse is the oval
shaped curve that results when a plane is put through a cone at
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an angle (though not too steep an angle, because we insist on
a closed curve). (See Figure 1.) An ellipse has two special inte-
rior points, called the foci (pronounced foe-sigh; plural of
focus). The lore known about ellipses and their foci fills vol-
umes, but here we will be content to remember two facts.
First, each focus is literally named, in the optical sense. Thus,
if an ellipse reflects light like a mirror, and if a point source is
placed at one focus, all of the rays of light will reflect off the
ellipse and reconverge at the other focus. (Figure 2.) More-
over, each ray of light will travel exactly the same distance.
That is, from the first focus, to any point on the ellipse, and
then to the other focus, the distance is always the same.

Figure 2. Foci of an Ellipse.

Marden’s Theorem

Now I can state what I call Marden’s Theorem, the most
marvelous theorem in mathematics. Actually, I call it Mar-
den’s Theorem because I first read it in a book by Marden, but
Marden himself attributed the theorem to Siebeck. In any
case, the theorem concerns a relationship between the roots of
a polynomial and the roots of its derivative. In the familiar set-
ting of calculus, you have probably seen this kind of relation-
ship in Rolle’s Theorem. This states that when f{x) is a differ-
entiable function, in between any two roots of f there must be
at least one root of . So if you know where the roots of f are,
you get some idea about where roots of f’should be.

In the complex setting, there is a closely related theorem
due to Lucas. Remember now that the roots of f(z) are points in
the plane, as are the roots of f'(z). And what Lucas’s Theorem
says is this: if f(z) is a polynomial, then surround the roots of
fwith the smallest possible convex polygon; that polygon will
contain all of the roots of f”.

In the case of a third degree polynomial, that is, in the case
of a cubic, Marden’s theorem tells us exactly where to find the
roots of f’. To begin with, a cubic will have three roots in the
complex plane. We assume that those three roots are not all on
a line, so that they form the vertices of a triangle. Now inside
that triangle, inscribe an ellipse. This can be done in many
ways, but if we insist that the ellipse be tangent to the sides of

the triangle at their midpoints, the inscribed ellipse is unique.
Like all ellipses, this inscribed ellipse has two foci. And those
foci are the roots of f'.

The figure below illustrates the situation. The triangle has
its vertices at the roots of f. The inscribed ellipse is tangent to
the sides of the triangle at their midpoints. The marked points
in the interior of the ellipse are its foci. And they are also the
roots of the derivative of f.

Z

Z

Figure 3. Marden’s Theorem lllustrated: If z,, z,, z; are the roots
of f, then w, and w,, the foci of the inscribed ellipse, are the roots

of f'.

Marden’s Theorem can be stated succinctly as follows: If
f(2) is a cubic polynomial with complex coefficients, and if the
roots of f are three distinct non-collinear points A, B, C in the
complex plane, then the roots of f” are the foci of the unique
ellipse inscribed in triangle ABC and tangent to the sides at
their midpoints.

Isn’t that amazing? Does it compel you to ask why? How
can it be that the connection between a polynomal and its
derivative is somehow mirrored perfectly by the connection
between an ellipse and its foci? Seeing this result for the first
time is like watching a magician pull a rabbit out of a hat.
After thinking about it off and on for about thirty years, I still
have that reaction. That is why this is my favorite theorem.

To learn more about this amazing theorem, and to see a
proof, visit an interactive online presentation: “The Most
Marvelous Theorem in Mathematics” by Dan Kalman that
appears in the MAA's Journal of Online Mathematics and
Applications (JOMA), www . JOMA . org. Alternatively, for a
more traditional mathematical presentation see “An Elemen-
tary Proof of Marden's Theorem” by Dan Kalman, American
Mathematical Monthly, Volume 115, Number 4, April 2008,
pp 330-338.

So what do you consider to be the most marvelous theorem
in mathematics? Send the editors your favorite, with a brief
reason for your choice, and it might appear in a future issue of
Math Horizons. ]

WWW.MAA.ORG/MATHHORIZONS 17




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /CurlzMT
    /EdwardianScriptITC
    /Impact
    /LucidaHandwriting-Italic
    /MonotypeSorts
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Wingdings
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages false
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.10000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.10000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.10000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [864.000 1296.000]
>> setpagedevice


