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Reminder: What's a polynomial?

OX' — X" +3X—2
15x° —14x+ 3
5t — 112 +62° + 71 — 3



Polynomials have ROOTS
5x° —7x*+3x-1=0
X=1
Roots are related to Factors
5x°® —7x°+3x—-1=(x=1)(5x* —2x +1)
Complete factorization ...
o
10

10

5x® —7x° +3x-1= (x—l)[x—

= (X—1)(X—.2—.4i)(X—.2 + .4i)



Finding Roots Is Hard ...
... But we can find out some things easily
p(x) = 52" — 11a* + 62° + T2 — 3

 The sum of the roots is 11/5
* The average of the roots is 11/20

* The sum of the reciprocals of the roots
is 7/3

« We'll get back to roots in a bit
First let's look at computation

« Can you compute p(3) in your head?




Horner’'s Form

« Standard descending form
p(x) = 52" — 11a* + 62° + T2 — 3

* Horner form
p(x) = (((bx — 11)x + 6)x + T)ax — 3

» Also referred to as partially factored or
nested form



Derivation of Horner Form

p(x) = 52" — 112° + 62” + T2 — 3
= (52 — 11z” + 62 + Tz — 3
= ((5z°* — 11z + 6)z + )z — 3

= (((bx —1)x+6)x+ T)x — 3



Quick Evaluation

« Compute p(2):
((52-11)2+6)2 +7)2 - 3

« Answer = 27

« Compute p(3):
((5:3-11)3+6)3 +7)3 -3

« Answer = 180

« Compute p(2/5):
(5#—11)# + B+ 7T)H# — 3

« Answer = 23/1257



Getting Back to our Roots

Coefficients and combinations of roots



Product of Roots
Constant term / highest degree coefficient
Example:
p(x) = 52" — 11a* + 62° + T2 — 3
Product of the roots is ...

—3/5



Key |ldea of Proof

* For our example
p(x) = 52" — 11a* + 62° + T2 — 3

 Say theroots arer, s, t, and u.

* p(x) =5(X - NX-s)(Xx-1)(x—-u)
* Multiply this out to find the constant term
orstu = -3



Sum of Roots

— 2"d highest degree coefficient divided by highest
degree coefficient

Example:
) — =4 3 2 -~
p(x) =5 — 11z + 62" 4+ 7Tx — 3
Sum of the roots is ...

11/5
Average of the roots is ...

11/20



Exercises

. Prove the sum of the roots result

. Prove this: For any polynomial p, the
average of the roots of p is equal to the
average of the roots of the derivative p'.



Reverse Polynomial

Consider the polynomial
p(X) = x° —7x> +11x* +13x° —5x° + 2x +1

The reverse polynomial is
Rev p(X) =1-7x+11x* +13x°> —5x* +2x° + x°

Question: How are the roots of Rev p related to the roots
of p?

Answer: Roots of reverse polynomial are reciprocals of
roots of the original.



Sum of Reciprocal Roots

— 1st degree coefficient divided by the constant
coefficient

Example:
p(x) = 52" — 11a* + 62° + T2 — 3
Sum of the reciprocal roots is ...
713

Average of the reciprocal roots is ...

7112



1.

Exercises

Prove this: For any polynomial p of
degree n with nonzero constant term,
Rev p(x) = x" p(1/x).

Use 1 to prove that the roots of Rev p(x)
are the reciprocals of the roots of p(x) .

Use 2 to prove: if

P(X) = a, X" + - - -+ aX + &
and a, = 0, then the sum of the
reciprocals of the roots of pis —a,/ a,



Polynomial Long Division

Example: (x? — 5x + 6) + (x-3)

Redo the example working from the constants
upward

Another example: (x> —5x + 6) + (x-1)
Answer -6 — X — 2x? — 2x3— 2x*— 2x°> — --.
Similar to the long division 1 + 3 to find .333333...

Alternate form of answer:

B —-x—2x2(1+x+x2+x3-)=-6—x—2x%/(1-x)
Similar to mixed fraction form of answer to a
division problem.



Amazing Application

Start with p(x) = x> —2x2 —x + 2
Find the derivative (Doiton overhead)
Reverse both (Do it on overhead)

Do a long division problem of the
reversed p(x) into the reversed p’(x),
working from the constants forward

(Do it on overhead)

The coefficients have an astonishing
interpretation: sums of powers of roots



Checking the answer

P(X) = x3—2x2 —x + 2 = (x-2)(x* = 1)
Roots are 2, 1, and -1

Sum of roots = 2

Sum of squares of roots = 6

Sum of cubes = 8

Sum of fourth powers = 18

Etc.



Proof Hints

Rev p(x) = x" p(1/x)
_ogarithmic Derivative: f’ /f=(Inf)’
ff(x)=X-r)(x=5) (x-1) - then

1 1 1

(In f(X))II + + 4...
X—r X—S Xx-—t

Geometric Series:

1 -1/a

1
=l X+ XXX - and —— =
1-x Xx—a 1l-x/a



Palindromials

p(X) = reverse p(X)
Example: x* + 7x3-2x%+ 7x + 1

1 and -1 are not roots, so roots come In
reciprocal pairs

Must factor as (x-r)(x-1/r)(x-s)(x-1/s)

Rewrite: (x> —ux + 1) (X2 —vx+ 1)
whereu=r+1/randv=s + 1/s



Matching Coefficients

e (X2—ux+1)(X2—=vx+1)=x++7x3-2x2+7x + 1
u+v=-7 and uv+2=-2

Two unknowns. Sum = -7, product = -4
They are the roots of x2 + 7x —4 =0

u and v are given by ~7++/65
2

Our factorization is

[xz _ _7+2\/@ x+1j[x2 _ _7_2\/@ x+1j




Solve for x
[xz - _7+2\/£ x+1j[x2 - _7_2\/@ x+1j =0

« Use quadratic formula on each factor
* Roots from first factor are

1(7“@ +\/9814ﬁ}_i(7+\/@w9814\/@j

2 2 4

 Remaining roots are

1( 7 \/%i\/98—14\/£)

A




General Reduction Method

p(x) = ax® + bx®> + cx*+ dx3 + cx? + bx + a
p(x)= x3(ax® + bx? + cx + d + cx! + bx? + ax3)
p(X)/x3 =a(x3+1/x3) + b(x?+1/x?) + c(x+1/x)+d
We want roots of a(x3+1/x3) + b(x2+1/x2) + c(x+1/x)+d
Almost a polynomial in u = (x+1/x).
U= x2+ 2+ 1/x2 - x?+1/x2 =u? -2
ud= x3+3x+3/x+1/x3=x3+3u+ 1/x3

— X3+1/x3 = u® - 3u

Leads to a cubic polynomial in u:
a(u®—3u) + b(u?—2) +c(u)+ d



Example
Y3t 6" 1207 — 132 120 — 6t 301 =0
 Make the standard reduction
w e 3ut 100t 3+ 1 =0
* It's another palindromial! Reduce again
v+ 30 —12 =10

3+ /57
* Solve with quadratic formula © = v

2

e Findu: v = u-+1/uso u” —ovu+1 =1
¢ Solve for u

3 — BT+ 50+ 657
|

o —



Solve for x

 \We have found 4 values for u
e We know x + 1/x =u

« Solve x? —ux + 1 = 0 with quadratic
formula for each known u value

* That gives 8 roots
* Here Is one:

—3 — VBT + V50 + 6V57 + iy/ (6 + 2v/57) V50 + 6357 — 52 — 12V/57

S



